The slow-roll inflation for a single scalar field that couples to the Gauss-Bonnet (GB) term represents an important higher-order curvature correction inspired by string theory. With the arrival of the era of precision cosmology, it is expected that the high-order corrections become more and more important. In this paper we study the observational predictions of the slow-roll inflation with the GB term by using the third-order uniform asymptotic approximation method. We calculate explicitly the primordial power spectra, spectral indices, running of the spectral indices for both scalar and tensor perturbations, and the ratio between tensor and scalar spectra. These expressions are all written in terms of the Hubble and GB coupling flow parameters and expanded up to the next-to-leading order in the slow-roll expansions. The upper bounds of errors of the approximations at the third-order are 0.15%, so they represent the most accurate results obtained so far in the literature. We expect that the understanding of the GB corrections in the primordial spectra and their constraints by forthcoming observational data will provide clues for the UV complete theory of quantum gravity, such as the string/M-theory.
I. INTRODUCTION
The inflationary scenario provides a very successful framework for solving the problems with the standard big bang cosmology, as well as accounting for the almost scale-invariant and nearly Gaussian spectra of primordial density perturbations [1] [2] [3] [4] . These primordial density perturbations grow to produce the large-scale structure (LSS) seen today in the universe, and meanwhile create the cosmic microwave background (CMB) temperature anisotropy, which has been extensively verified to high precision by WMAP [5] , PLANCK [6, 7] , and other CMB experiments.
Despite its successes, however, the inflationary scenario also suffers several conceptional problems, for example, the initial singularity problem [8, 9] and transPlanckian problem [10, 11] . All these problems are closely related to the high energy regime that the usual classical general relativity (GR) is known to break down. Because of this, the inflationary scenario in the framework of GR with some corrections could be considered as the effective theory of the complete UV quantum gravity. This has motived a lot of interest to consider quantum gravitational corrections to slow-roll inflation due to higher curvature terms that generically arise from radiative corrections of quantum gravity, for instance, string/M-theory [12] and Horava-Lifshitz gravity [13] .
One important higher-order curvature correction is the GB term coupled with the inflaton. Such a term can be derived from the tree-level effective action of the heterotic string [14, 15] , and it has been shown that the theory with such a correction is free of ghost and makes the order of the gravitational equations of motion unchanged. This term could also provide a way to avoid the initial singularity of the Universe [16] [17] [18] [19] [20] [21] . The GB term has been extensively studied in the context of various cosmological scenarios, for examples, the accelerating expansion of the universe [22] , and the slow-roll inflation (see [23] [24] [25] [26] and references therein.).
In this work, we are going to particularly focus on the case that the GB term coupled with the slow-roll inflaton field in the early universe and their corrections to the standard slow-roll inflationary perturbations. The general formalism of this theory has already been developed and studied in details in a series papers [23] [24] [25] [26] [27] [28] [29] . In these works, the primordial perturbation spectra with the GB correction have been investigated and compared with observations. One of the distinguishable features is that it leads to a time-dependent sound speed associated with the equation of motion for both scalar and tensor perturbations during the slow-roll inflationary period. In the previous works, however, in order to calculate the perturbation spectra, this time-dependent sound speed has been assumed to be a constant. In fact, such a treatment is valid only if we calculate the primordial spectra up the first-order in the slow-roll approximation.
Considering the accuracy of current and forthcoming observations, we expect higher-order curvature corrections to the slow-roll inflation become more and more important. Indeed, as pointed out in [30] [31] [32] , to match with the accuracy of the current and forthcoming observations, considerations of the slow-roll approximations beyond the leading-order are highly demanded. Then, one needs to consider the time variation of the sound speed, which is essentially a distinguishable effect of the GB coupling.
However, considerations of the time variation of the sound speed make it very difficult to calculate the corresponding power spectra and spectral indices. Recently, we have developed a powerful method, the uniform asymptotic approximation method [33] [34] [35] , to calculate precisely the quantum gravitaitonal effects to the power spectra. The robustness of this method has been verified for calculating primordial spectra in k-inflation [36] , and inflation with nonlinear dispersion relations [37, 38] and quantum gravitational effects of loop quantum cosmology [39] [40] [41] . We note here that this method was first applied to inflationary cosmology in the framewrok of GR in [42] [43] [44] , and then we have developed it, so it can be applied to more general case, including the ones with nonlinear dispersion relations [33] [34] [35] [36] [37] [38] [39] [40] [41] (For an alternative approach by using Green's function method, see [45, 46] ). The main purpose of the present paper is to use this powerful method to derive the inflationary observables in slow-roll inflation with the GB correction with high accuracy. With the general expressions of power spectra and spectral indices we obtained in [36, 38] , we calculate explicitly these quantaties for both scalar and tensor perturbations with the GB correction up to the third-order of the asymptotic uniform approximation. Then, tensorto-scalar ratio is also given. These expressions represent a significant improvement over the previous results obtained so far in the literature.
The paper is organized as follows. In Sec. II, we present a brief review of the slow-roll-inflation with the GB coupling, and in Sec. III, we give the most general formulas of the high-order uniform asymptotic approximations. Then, in Sec. IV, with these general expressions we calculate explicitly the power spectra, spectral indices, and running of the spectral indices of both scalar and tensor perturbations in the slow-roll inflation with the GB correction. Our main conclusions and outlook are summarized in Sec. V.
II. GB COUPLED INFLATION
We begin with the action describing the coupling of the inflaton with the GB term,
where φ is the inflation field with a potential V (φ), R is the Ricci scalar of the spacetime,
is the GB term, and ξ(φ) is the GB coupling coefficent. The model is specified by two arbitrary functions, V (φ) and ξ(φ). Now we consider a flat Friedmann-Robertson-Walker (FRW) background,
where a(t) is the scalar factor of the universe with t being the cosmic time. Then varying the action (2.1) with respect to g µν and φ leads to the field equations,
3)
where H ≡ȧ/a is the Hubble parameter, a dot denotes the derivative with respect to the cosmic time t, and V ,φ = dV (φ)/dφ. In order to consider the slow-roll inflation, we need to impose the following slow-roll conditions
With these conditions, it is convenient to introduce two sets of the slow-roll parameters, the Hubble flow parameters ǫ n and the flow parameters δ n of the GB coupling, which are defined, respectively, by
In this paper, we also use the conformal time η which is defined as
Here t end denotes the time when the slow-roll inflation ends. Let us turn to consider the cosmological scalar and tensor perturbations. With the GB coupling, the scalar perturbations obey,
where a prime denotes a derivative with respect to the conformal time η, and µ R (η) = z R R is the mode function, z R and c R are given by
where µ h (η) = z h h k is the mode function, z h and c h are given by
(2.14)
III. SCALAR AND TENSOR PERTURBATIONS WITH THE GB CORRECTION
A. General formulas of primordial spectra in the uniform asymptotic approximation
In this subsection, we present a very brief introduction of the general formulas of primordial perturbations with a slow-varying sound speed. Details of derivation of these formulas can be found in [36] .
In the uniform asymptotic approximation, we first write Eqs.(2.9) and (2.12) in the standard form
where we introduce a new variable y = −kη, µ(y) = µ R (y) and µ h (y) corresponding to scalar and tensor perturbations respectively, and
where
with {ν(η), c(η)} = {c R (η), c R (η)} and {c h (η), c h (η)} corresponding to scalar and tensor perturbations, respectively. Note that in the above equation, λ is supposed to be a large parameter and used to trace the orders of the approximation. In the finial calculation we can set λ = 1 for simplification. Now in order to construct the approximate solutions of the above equation by using the uniform asymptotic approximation, one needs to choose [34] 
to ensure the convergence of the errors of the approximate solutions. Then, we have
Obviously the function λ 2ĝ (y) has a turning point y 0 (η 0 ) = −kη 0 , which can be expressed as
Then following [36] , the general formula of the power spectrum reads
In order to calculate the power spectrum in Eq.(3.7), as we discussed in [38] , in the slow-roll inflation, it is convenient to consider the following expansions,
whereν 0 ≡ ν(η 0 ),c 0 = c(η 0 ), and
Note that hereafter we use a bar over the quantity to denote that quantity is being evaluated at the turning point η =η 0 .
With the above expansions, the integral √ĝ dy can be correspondingly divided into three parts [36] 
Now, we turn to consider the error control function H , which is given by [36] H (+∞) ≃ 1 6ν 0 1 +c
(3.12)
Once we get the integral of g(y) in Eq.(3.10) and error control function in Eq.(3.12), from Eq.(3.7) one can easily calculate the power spectra. Now we turn to consider the corresponding spectral indices. In order to do this, we first specify the k-
Then, the spectral indices are given by [36] n
Similarly, after some tedious calculations, we find that the running of the spectral index α ≡ dn/d ln k is given by [36] α 
In the above, we present all the formulas (Eqs.(3.7), (3.14), and (3.15)) that can be directly used to calculate the primordial perturbation spectra from different inflation models. Note that these formulas are easy to use because they only depend on the quantities H(η), (c 0 , c 1 , c 2 ), (ν 0 , ν 1 , ν 2 ) evaluated at the turning point. These quantities can be easily calculated from Eqs.(2.10, 2.11) for scalar perturbations, Eqs.(2.13, 2.14) for tensor perturbations. In the following subsections, we apply these formulas to calculate the slow-roll power spectra with the GB correction for both scalar and tensor perturbations.
B. Scalar Spectrum
We first consider the scalar perturbations. As we already pointed out in the introduction, in order to match the accurchy of forthcoming observations, we need to calculate the primordial spectra up to the next-to-leading order (second-order) in the expansions of the slow-roll approximation. For this purpose, we only need to consider the quantities (c R0 , c R1 , c R2 ) and (ν R0 , ν R1 , ν R2 ) up to the second-order in the slow-roll expansions.
For the slow-varying sound speed c R , from Eq.(2.10) we find c R0 = 1 +δ 
Then, using the above expansions, the power spectrum for the curvature perturbation R can be calculated via Eq.(3.7). After tedious calculations we obtain, Similarly, the spectral index of scalar spectrum reads Now we consider the tensor spectrum. First we need to derive the expressions of ν h0 , ν h1 , ν h2 , and c h0 , c h1 , c h2 . Repeating similar calculations for scalar perturbations, we obtain
Then, the power spectrum for the tensor perturbation 
while the spectral index is given by 30) and the running of the tensor spectral index is expressed as
D. Expressions at Horizon Crossing
In the last two subsections, we have obtained the expressions of the power spectra, spectral indices, and running of spectral indices for both scalar and tensor perturbations. It should be noted that all these expressions were evaluated at the turning point y = y 0 . However, usually those expressions were expressed in terms of the slow-roll parameters which are evaluated at the time η ⋆ when scalar or tensor perturbation modes cross the horizon, i.e., a(η ⋆ )H(η ⋆ ) = c s (η ⋆ )k for scalar perturbations and a(η ⋆ )H(η ⋆ ) = c h (η ⋆ )k for tensor perturbations. Consider modes with the same wave number k, it is easy to see that the scalar and tensor modes left the horizon at different times if c s (η) = c h (η). When c s (η ⋆ ) > c h (η ⋆ ), the scalar mode leaves the horizon later than the tensor mode, and for c s (η ⋆ ) < c h (η ⋆ ), the scalar mode leaves the horizon before the tensor one.
In this case, caution must be taken for the evaluation time for all the inflationary observables. As we have two different horizon crossing times, it is reasonable to rewrite all our results in terms of quantities evaluated at the later time, i.e., we should evaluate all expressions at scalar horizon crossing time
In the following, we present all the expressions for both cases, separately.
cs(η⋆) > ct(η⋆)
For c s (η ⋆ ) > c t (η ⋆ ), as the scalar mode leaves the horizon later than the tensor mode, we shall rewrite all the expressions in terms of quantities evaluated at the time when the scalar leaves the Hubble horizon at a(η ⋆ )H(η ⋆ ) = c s (η ⋆ )k. Skipping all the tedious calculations, we find that the scalar spectrum can be written finally in the form 
The running of the scalar spectral index can be rewritten as
(3.34)
Now we consider the tensor power spectrum, we obtain
The spectral index n h is (3.36) and the running of the tensor spectral index reads
With both the scalar and tensor spectra given, then the tensor-to-scalar ratio can be calculated as
Then, similarly for c s (η ⋆ ) < c t (η ⋆ ), we have to evaluate all the expression at the time when tensor mode crosses the Hubble horizon. Thus, we find that the scalar power spectrum, (3.40) and the running of the scalar spectral index
For tensor perturbation we find the tensor spectrum 
the spectral index for the tensor spectrum 43) and the running of the tensor spectral index
Then the tensor-to-scalar ratio reads
(3.45)
IV. CONCLUSIONS AND OUTLOOK
The uniform asymptotic approximation method provides a powerful, systematically improvable, and errorcontrolled approach to construct accurate analytical solutions of linear perturbations. Its effectiveness has been verified by applying it to the inflation models with nonlinear dispersion relations [34, 35, 38] , k-inflation [36] , and quantum corrections in loop quantum cosmology [39] [40] [41] . In this paper, we applied the third-order uniform asymptotic approximation to derive the inflationary observables for scalar and tensor perturbations in the slow-roll inflation with the GB corrections. We obtained explicitly the analytical expressions of the power spectra, spectral indices, and running of spectral indices for both scalar and tensor perturbations in terms of the flow of the Hubble and GB coupling slow-roll parameters up to the secondorder in the expansions of the slow-roll approximation. These results represent a significant improvement over the previous results obtained so far in the literature.
We would like to note that the results presented in this paper can be extended in several directions. First, it would be interesting to constrain the GB coupling function ξ(φ) and its derivatives by using the more precise forthcoming observational data. We expect that such constraints could help us to understand the physics of the early universe. Second, in our derivations of the primordial spectra, we assumed that the time-dependent sound speed in the slow-roll background is also slowly varying. It is also interesting to see what we will happen if we relax this condition to allow the sound speed rapidly changing during a certain period. Finally, the method and calculations in this paper can be easily extended to various inflationary models with other types of higher-order curvature corrections. For example, in the Horndenski theories [47, 48] , similar to the inflation with the GB coupling, both the inflationary scalar and tensor perturbations obey equations of motion that associated with time-dependent sound speeds. Thus, it is very interesting to see how the higher-order curvature terms in these theories affect the primordial spectra in the slowroll inflation. We hope to come back to these issues soon.
